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Abstract 

We introduce osp{m\n) spin Calogero-Sutherland models and find 
that the models have the symmetry of osp{m\n) half-loop algebra or 
Yangian of osp{m\n) if and only if the coupling constant of the model 
equals to 
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1 Introduction 

The Calogero-Sutherland models are one- dimensional many particle systems 
with long range interactions. We denote by L and A the number of particles 
and the coupling constant which determines the strength of the interaction, 
respectively. The Hamiltonian of the model is expressed as 



j=i 1 j<k 



where the potential V{r) is (rational), 1/sin^r (trigonometric), and 
p{r) (elliptic). We often call the rational case and the trigonometric case 
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the Calogero model and the Sutherland model respectively. There are var- 
ious generalizations to the Calogero-Sutherland models. One of the gener- 
alizaitons is the spin generalization, namely, we consider models for which 
particles have gl{N) spin as an internal degree of freedom. The Hamiltonian 
is 

^ = - E + 2^ - - X,), (2) 

j=i i j<k 

where Pjk is a permutation operator in a spin space, and exchange the spin 
state of the j-th particle and the k-th particle. Using the spin operator e""^ 
as a basis of gl{N), the operator Pj^ can be written as 

N 

P,k = Yl 4 ® 4"- (3) 

a,b=l 

The symmetries of the models turn to be the half-loop algebra or the Yan- 
gian of gl{N) PP[2][3][1]- This gl{N) spin Calogero-Sutherland models have 
supersymmetric extensions, which are what we call gl{m\n) spin Calogero- 
Sutherland models [5] [6] [7]. It is also proved that the gl{m\n) spin Calogero- 
Sutherland models have the Yangian Y{gl{m\n)) symmetry. Recently new 
interactions between the internal degree of freedom were introduced in [8]. 
These interaction are defined in terms of the fundamental representaiton of 
the generators of Lie algebra so{N) or sp{N). Then we call these mod- 
els so{N) or sp{N) spin Calogero-Sutherland models. It is shown that the 
so{N) or sp{N) spin Calogero-Sutherland models have symmetry algebras if 
and only if the coupling constant takes a particular value. 

It is natural to ask if the so{N) or sp{N) spin Calogero-Sutherland models 
have supersymmetric extensions. The purpose of this paper is to extend the 
so{N) or sp{N) spin Calogero-Sutherland models to the Lie superalgebra 
osp{m\n) case, namely the particles carry the internal degree of freedom 
which is described in terms of a representation of the orthosymplectic Lie 
superalgebra osp{m\n). We show that our models have the half- loop algebra 
of osp{m\m) or the Yangian of osp{m\n) as the symmetry algebra when the 
coupling constant equals to . 

This paper is organized as follows. In section 2, we define the orthosym- 
plectic Lie superalgebra osp{m\n). Then we introduce a new model called 
osp{m\n) spin Calogero model in section 3. We find the symmetry of the 
osp{m\n) spin Calogero models in section 4. In section 5, we consider 
the trigonometric case, that is, osp{m\n) spin Sutherland models. Finally 
we show that the osp{m\n) spin Sutherland models have super Yangian 
Y{osp{m\n)) symmetry. 
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2 Orthosymplectic Lie superalgebra 



In this section we will give the fundamental notations of the Lie superalge- 
bras. For details, see [9], [lO] for example. Throughout this paper, we assume 
n is even. Let e""^ be the standard generators of gl{m\n), the (m+ra) x (m+ra)- 
dimensional general linear Lie superalgebra, obeying the graded commutation 
relations 

[e''\ e^'^] = b^,e^^ - (_i)(H+M){M+H)5^^e'=^ (4) 
where [a] is the Z2 grading defined as 

0, a = 1, . . . , m 

1, a = m + l,...,m + n. 

The orthosymplectic Lie superalgebra osj){m\n) is a subsuperalgebra of the 
general linear Lie superalgebra gl{m\n). Using the generators of gl{m\n)^ 
we can construct osp(m|n) as follows. For any a = 1, . . . , m + n, we introduce 
a sign ia 

_ j +1, l<a<m + f 

and a conjugate a 



— 1, m+| + l<a<m + n 



m+1 — a, a = l,...,m 

2m + n + l — a, a = m + 1, . . . ,m + n. 

Note that 

e^ = l, a. = (-l)['^l. (5) 
Then we choose an even non-degenerate supersymmetric metric Qab as follows, 

9ab = LSah (6) 

with inverse metric 

g""" = ^bSb,. (7) 

As generators of the orthosymplectic Lie superalgebra osp{m\n) we take 



which satisfy the graded commutation relations 
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It is easy to check that these generators satisfy the following equations: 

= [a^^ a^^] ] 

+ + [^cd^ ^^ab^ ^e/]] _ ^^^^ 

These relations are the defining relations of the Lie super algebras. The rela- 
tion ffTT]) is called the super Jacobi identity. 

3 osp{m\n) spin Calogero model 

In this section we will introduce the osp{m\n) spin Calogero models. Let V 
be an m + n dimesional Z2 graded vector space and {f a = 1, . . . ,m + n} 
be a homogeneous basis whose grading is as same as before: 

r 0, a = l, m 
1, a = m + 1, . . . ,m + n. 

We consider L copies of the generators of gl{m\n) e^* (j = 1, . . . , L) that act 
on the j-th space of the tensor product of graded vector spaces Vi ® ■ ■ ■ ® 
where the subscript j corresponds to the space ~ in the tensor product. 
With the relation 

(ef ef)v] ®vl = (-l)(W+M)Wef ® e^vl (12) 

one can show that the permutation operator Pjk defined as 

m+n 
a,b=l 

exchanges the spin state of the j-th particle f° and the /c-th particle v\ . 
Furthermore we introduce an operator Qjk as follows: 

m+n 

a,b=l 

The actions of these operators on f J ® v\ are explicitly written as 

P,uv';®vl = (-l)W[%>^;,^ (15) 

m+n 

Q,kv]®vl = 5,-, 5^ ec^.^; ® t;^. (16) 



They satisfy the usual properties Pjk = Pkj and Qjk = Qkj- Now we consider 
the following Hamiltonian 

The operator Pj^ — Qjk is the exchange operator interchanging the "spins" 
of j-th and fc-the lattice site. Note that we can write the new interactions in 
terms of osp{m\n) generators as follows 



P^k - Q,k = -\Y. Ubi-^t'^'^'^ofal 



aJb=\ 



In this sense we call the models described by the Hamiltonian ffT7|) os'p(m\n) 
spin Calogero models. 



4 Symmetry of os'p(m\n) spin Calogero models 

In this section we will obtain the symmetry of the os'p{m\n) spin Calogero 
models. For this purpose, we introduce the following two operators 

L 



L 



d , 1 



= E<V-^E(-.-^)"^rr^- (20) 



j=l ■> j^k 

Here we have used the notations, 

m+n 

„ \ab 

'J 



^^^kr = Y.^^<^f- (21) 



c=l 

By simple calculation we collect various useful formulas: For j ^ k ^ I ^ m, 

(22) 
(23) 
(24) 
(25) 

H^,a,akT' - {o,auOjr\ (26) 



[Pjk - 


Qjk, o^f] 


= 0, 








[Pjk - 


Qjk, O-f] 




(o-jfTfe)"^ 


+ ( 




k Qjki 


(criO'mT''] 


= 0, 








jk Qjk; 








ab _| 




jk Qjki 


ic^.^kr] 
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where we have defined 



m+n 



p,q=l 

In addition the following formulas are also useful. For j ^ k ^ I, 



(27) 



ba 



{ajakcrif"" 
{o-kCijakf"' 



(28) 

V , (29) 
{-l)i-^l'\a^a,a,r' - {m - n - 2)(-l) ^[^1 (a,a,)"^ (30) 



-(-l)W[^](afca,afc)"^ 

m+n 
p,q=l 



-[q]){[b] + [<l])n-^Pn-P1 



(31) 



Then the foUowings are results of this section. 

Proposition 1 The generators Jg* and Jf' satisfy the following relations 

-{-l)^^M^g,,J-^ - (-1)(W+[''1)(W+['^1)^^^J^^^), (32) 



r jab jcd} 



-{-lf^^%,bJr - (-l)(t'^^+t^l)(t^l+['^l)<7acJf ), (33) 



+ 



jl\ Ji^] 

Jf: [Jo\ Jl^] 



for the following particular value of the coupling constant 

2 



A 



m — n — A 



(34) 



(35) 



Proof. The first and the second relations can be shown by straightfor- 
ward calculations. In order to prove the third relation, we compute [Jf^, Ji'^] . 
Then we obtain that if the coupling constant A equals to ( l35i) . then 



jad 



.l)(H + M)(W + [d])^^^Jc6 



-{-in\9dbJr - (-i)«'^i+[^i)([^i+['^i)<7acJi''), (36) 
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where we define 



jab 

L 



^ '^^ dx] ^ X^(^i^fc) ^ — Xfc ( dxj ~^ dxh j 

7=1 J i^k •' \ J / 



j=l J j^k 

j^k 

+X' J2 icrjakcrir"^ (37) 

Consequently the super Jacobi identity ( fTTl) assures the third relation of the 
proposition. □ 
The equation flM|) is called Serre relation for the loop algebra. Thanks to 
flM|) we can define the higher level generators J2^, Jf', ■ ■ ■ recursively: 

= 77 7 -Jcd,ef,ab[-Jf^ Jt-l]i (38) 

I Jcd,ef,abjef,cd,ab \ 

where fab,cd,ef are the structure constants of osp{m\n), namely 

K\a'"']=fab,cd,efa'^. (39) 

These relations (I32l) -( 1M1) imply the generators J^'' (z/ > 0) form the half loop 
algebra associated to the osp(m|n), 

I jab jcdl _ „ Tad _/_lN([a] + [6])([c] + [d]) Tcfe 
I'^H 1 "^v \ ~ ycb-J p^+u \ ^) yad'J 

-{-lf^^\9dbJ;%^. - (-l)^''^^+"'l)^'^^+''l)^?acJ^'t)- (40) 

The next proposition shows that the generators of the osp{m\n) half loop 
algebra J"'' are conserved operators for the osp{m\n) spin Calogero model. 

Proposition 2 The operators Jq^ and Jf' commute with the Hamiltonian 
of osp{m\n) spin Calogero model H^"^^"'^ : 

[//("I"), J^^] = 0, Jf ] = 0, (41) 

for the coupling constant A equals to i[35\) . 

Therefore we conclude that the symmetry algebra of the model described by 
the Hamiltonian (fT7|) is the half- loop algebra associated to osp{m\n) if and 
only if the coupling constant A equals to . 
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5 osp{m\n) spin Sutherland models 

We naturally expect that osp(m|r2) spin Sutherland model, whose Hamilto- 
nian given by 



H 



(m|n) 
Suth 



Ed"^ X (A — {Pjk — Qjk)) 

i=i 



2 ^ sin^[(0-6)/2] 



(42) 



have the symmetry of Yangian Y {osp{m\n)) . In order to see this we first 
rewrite the Hamiltonian in terms of the variables Xj = exp{\/—l ^j). 
Then we have 



(m|n) 
Suth 



j=l ^ 3/ 



(43) 



Next we introduce a new set of operators as follows: 

L 



ab 



Kl 



ab 



L 

E 



_a6 



A 



ab 



Xj X}^ 



(44) 



(45) 



Then we obtain the following results for the osp{m\n) spin Sutherland mod- 
els. 

Proposition 3 The generators Kq^ and Kf' satisfy the following commuta- 
tion relations when the coupling constant A equals to ^3^ . 



[<,<] 



gcbK 



ad 



;-l)W['^l(^,,i^o"^ - (-l)(W+[''])(W+[^])^„,i^o^''), (46) 



g,,Kf - (-l)(H+M)(W+Ml)5„,xf 

-{-if^^'KgdbKr - (-l)(M+['])(M+t'^l)^?aeO, (47) 



Kf, [K^\ K'/^ 



+ 



^ab \T^cd 7>-e/-| 



,ef]] 



. 1 ) ( [a] + [fe] ) ( [c] + KqKq ) I^'^' 



+ (iro^o^o)""^'"^'''^' - (i^o^o^o)^"''''"^''-^^^}- 



(45 



Here we use the following notations. 



and 



{KoKoKor''"'' 



_(_ ( _ 1 ) [f*] [c] + [a] [^1 + ['^1 T^cfe ^ ^ ad 

_^ ( _ 1 ) [*] [c] + [a] [c] + [b] [rf] _^ca (^XqKqY^. 



(49) 



(50) 



The relations 



are the defining relations of the super Yangian 
Y[osp{m\n)). The equation (HSl) is called the deformed Serre relation for the 
super Yangian. Note that it reduces to the Serre relation (IMl) for the loop 
algebra in the limit of A — *^ 0. 

One then directly show the next proposition. 

Proposition 4 The operators Kq^ and Kf' are conserved operators for the 
osp{m\n) spin Sutherland model, that is, they commute with the Hamiltonian 



(m|n) 
Suth 



f>(m|n) T^ab 
-^Suth ' -f^O 



0, 



H 



(m\n) 
Suth ' 



ab 



0, 



(51) 



if the coupling constant A equals to ^3^. 



It follows from these that the osp{m\n) spin Sutherland models have the 
super Yangian symmetry Y{osp{m\n)) when the coupling constant A equals 



to 



m—n—A ' 
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